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9.3 The Sylow TheoremsG-afiniteg.ro#pisapriuieTh9.l3-IirstsylowTt-eoe
Let p be a prime, and

assume that ph / IGI for some kso .

Then G has a subgroup of order pk.

Cor 9.14 (Cauchy theorem)
Tf pl IGI , then G contains an element of order p .

P - a prime
Pf Aug group of prime order is cyclic (

Th8.7)
,

its generator has order p .

Def Let 1Gt -- Phu . plan .

A subgroup of order p
"
is called a Sylow p - subgroup
-

For an element x E G consider the map

f : G -s G

g t x
-'

g x { conjugation by ×



Prop f is an automorphism { Automorphism is an

inner automorphisms isomorphism from a group

Pf f is a bijection because
to itself

it has an inverse gus xgx
"

f- is a homomorphism:
f- (g. ga) = x

-'

g. gax = x
-'

g, x x
-'

gax = f- Cg.)fCga)Tfk is a subgroup of G
then its image under f is a subgroup (as the image of a subgroup

under a froueoueosptrisue)
This image is x

-'

k x -- h x' 'k x I k E KS

The groups ka x'
' Kx are isomorphic because f is a

homomorphism and f is a

Th particular if k is bijection between K and ×
- ' k×

a Sylow p- subgroup , then so is x
-' Kx

.

for different choices of x
,
we may get different subgroup x

-' Kx



Th 9.15 5eeoud5ylowTheot
If P and k are Sylow p - subgroups, then there exists XEG sat

.

D= x" Kx
} All Sylow p-subgroups areconjugated

In particular , all Sylow p - subgroups in G
are isomorphic

cos 9.16 Let k be a Sylow p . subgroup in G . }
Th Q "

A subgroup NS.t .
x'
'
Nx = N Ifor every

K is normal in G iff K is the only Sylow xEG

p - subgroup . / is normal
Th 9.17 Third Sylow Theorem-
The number of Sylow p- subgroups , hp

- divides the order of the group : HIGH
- is of the form ftp.k with positive : hp= I Cuodp)

integer k -



cortana let -- pg , both panda are primes . psa { It!!:
'II

Assume q X Cp- t) p # I Lined g) not be eyelie
Then Ga Bpg - cyclic of order pg I %px12p - is

:

-

hot eyelie while

If consider hp Options : t.ph#/pq / tkpz is
hpEdp) gtp because p > g

k>0Thus we have hp= ! .

Therefore the Sylow p-subgroup is
normal

,
it's cyclic : call it H
-

consider ng Options : i pay Ith - p -

Ha tkp
hg= I Cueodq)

p # I@od g) by assumption
Thus we have hg=l Therefore the Sylow g- subgroup is

normal
,
it's cyclic; call it K
-

114--9 .

fl and K are n¥ subgroups Kay
HAK is a subgroup in both H and K ;
Thus IHAKIIIHI =p lttnklllkl - g implies IHAKI -- I



Hnk = hey
-

Claim G -- HK = hhklh EH , leeks
-

tix K → G This map is injective:
Ch
,

k) ↳ hk
hk. -- hakaThe amount of elements

in Hxk is ltllxlkl -- pg = IGI .

hjh.se . -- ka

Thus the injective map exhausts G and is hj's . -- kaki
'

therefore surjective . III. fee..gs?okH&kareuorueallgThos.simplies that tink-hes
Hnk -- hes Ga Hxk hath .-- e kaki

'
-

- e
G Hk

h
,
-_ ha ki -- ka

Ga Hxkretkpxtkg } tkpq-

-

Lemma 9.8



Remark ou abelian groups

Let IGI =p
"
in plan Gxl5p 297 If phl IGI then G has

-

-

a subgroup of order Pk
Gre Gcp? ④ . . . .

Eth 9.5)

Gcp) is a subgroup of G / Gcp>I =p
" that is Gep) is the Sylow
-

p- subgroup
Geyer Bp297 - every abelian p - group

has a p - power order .

Gcp) re tkpk, to tkp.ba ④ i . .
① Deplete

fat fat . . . h't = h

acyclicNote that plzpee = hpxlxe Epub is a subgroup in the cyclic

- solving Beyer 15 pggy
Stomp kph of order Epee,


